
  

  
Abstract—In this paper a mathematical model for prediction 

of phosphorus removal with total phosphorus (TP) as the check 
index in horizontal subsurface flow constructed wetlands was 
developed. The model considered the water flow and 
transportation, diffusion, dispersion and biochemical reaction 
of phosphorus. The physical and biochemical parameters of the 
model were calibrated by one set of the experimental data. Then 
the model was valided by another set of the experimental data. 
The predicted effluent TP concentrations were well agreed with 
the actual effluent TP concentrations. The model can be used to 
simulate the phosphorus removal effect in horizontal 
subsurface flow constructed wetlands. The average removal 
rate of TP for domestic sewage in planted and unplanted 
constructed wetland with high concentration of influent were 
88.22% and 85.06% respectively, while their removal rates 
were 94.23% and 90.77% respectively with low concentration of 
influent. So vegetation had improvement effect on TP removal. 
 

Index Terms—Horizontal subsurface flow constructed 
wetlands, mathematical model, numerical method, phosphorus 
removal 
 

I. INTRODUCTION 
Constructed wetlands (CWs) are designed and built to 

optimize the physical, chemical and biological processes of 
natural wetlands in treating wastewater. CWs have been used 
for primary, secondary and tertiary treatment of municipal or 
domestic wastewater [1], mine drainage [2], agricultural 
runoff [3] and landfill leachate [4], et al. Previous studies 
demonstrated that CWs have high treatment efficiency, low 
cost and strong ability of shock loading resistance systems.  

Design criteria and analysis methods for CWs have 
evolved from relationships derived from a technical database 
quantifying nutrient removal to advanced models. The early 
design approach was based on empirical equtions derived 
only from the relationgship between input and output nutrient 
levels. Rencent advance models are useful tools for explaning 
the complexity of hydraulics in substrate coupled with many 
processes involved in contaminant removal, such as Monod 
kinetics model [5] and ecosystem model [6]. However, model 
complexity does not produce proportional insight into the 
factors affecting contaminant removal due to the difficulty of 
estimating a large number of parameters inherent in 
contaminant removal process. There is the need to conduct 
studies on CWs to improve understanding of the system 
internal factors affecting contaminant removal processes and 
enhance predictive ability of models. 

Among CWs, horizontal subsurface flow constructed 
wetland (HSFCW) is a widely used concept. Wastewater 
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flows horizontally through the artificial filter bed, usually 
consisting of a substrate of sand or gravel and the helophyte 
roots and rhizomes. The advantages of HSFCWs include a 
lower susceptibility to surface weather extremes due to the 
moderating thermal capacity of the gravel and surrounding 
soil, decreased risk of pathogen exposure, and fewer vector 
and odor problems. 

The main objectives of this paper were to develop a 
mathematical model for prediction of phosphorus removal 
with TP as the check index in HSFCWs, and to provide a tool 
for CWs design. 

 

II. MATERIALS AND METHODS 

A. Experimental Setup 
The research was conducted at Hohai University, Nanjing, 

China. Two experimental HSFCWs used in this study (named 
A and B) consisted of plastic containers (1.5m long, 0.5m 
wide and 0.8m high, Fig. 1) first filled with cinder (0.35m 
high), then with natural sand (0.4m). The inlet zone and outlet 
zone (0.15m long) set a perforated plate respectively to avoid 
surface flow, and filled with gravel (0.75m high). The water 
level was kept 0.05m under the natural sand surface to set a 
water depth of 0.7m. The CW A planted Arundo donax 
var.versicolor, and CW B did not plant. Two concentration of 
synthetic domestic sewage (Table I) were delivered to the 
two CWs continuously at a rate of approximately 0.042m3/d 
to yield a hydraulic retention time (HRT) of 5d. 
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Fig. 1. The schematic diagram of experimental equipment 

 
TABLE I: INFLUENT QUALITY 

Influent pH TP(mg/L) TN(mg/L) NH4
+-N(mg/L) TP(mg/L)

High 6.73-7.08 51.49-58.35 16.94-19.14 15.04-17.37 1.31-1.38

Low 6.66-7.11 24.16-44.81 7.82-9.47 6.75-8.61 0.58-0.69
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B. Sample Collection and Monitoring 
The operation and monitoring of the two CWs were 

conducted from June to December 2006 and 2007. Five water 
quality indices, TP, TN, TP, pH and DO, were measured on 
the influent and on the effluent from each of the CW. The 
physical properties and the adsorption characters of the 
substrates were also measured for the need of numerical 
simulation. Water quality analysis were conducted in 
accordance with the methods described in Standard Method 
[7]. The treatment efficiency was determined using the 
averaged influent and effluent concentrations of the above 
major water quality parameters. 

C. Mathematical Model 
The Phosphorus removal model of HSFCWs has two 

governing equations. One equation is the flow equation, 
which describes the head distribution and flow rate in the 
HSFCWs. The second is the phosphorus transport and 
transformation equation, which describes the phosphorus 
concentration within the flow system. 

A number of assumptions have been made in the 
development of the model. These assumptions are 
summarized below : 

1. Flow is considered two-dimensional. 
2. Darcy’s law is valid. 
3. Porosity and hydraulic conductivity are constant with 

time, and porosity is uniform in space. 
4. Gradients of fluid density, viscosity, and temperature do 

not affect the velocity distribution. 
5. Fluid and aquifer properties are not affected by the 

reactions that occur. 
1) Flow equation 
A general form of the equation describing the transient 

flow of an imcompressible fluid in a heterogeneous 
anisotropic aquifer may be derived by combining Darcy's 
Law with the continuity equation. A general two-dimensional 
flow equation may be written in Cartesian coordinates as: 

( ) ( )
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S W W
t x x y y

ε
∂ ∂ ∂ ∂ ∂

= + −
∂ ∂ ∂ ∂ ∂

        (1) 

Where S is the storage coefficient (dimensionless), H is 
hydraulic head (L), t is time (T), W is the transmissibility 
coefficient (L2T-1), ε is the source fluid flux (positive for 
outflow, negative for inflow) expressed as volumetric flux 
per unit area (LT-1), and x and y are Cartesian coordinates (L).  

By Darcy’s Law, the average linear flow velocity is given 
by: 
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where kxx ,kyy is the hydraulic conductivity along the x, y 
coordinate axes (LT-1), and η is the effective porosity 
(dimensionless). 

2) Phosphorus transport and transformation equation 
Phosphorus is removed in CWs by substrate adsorption 

and desorption, plant uptake, biological uptake and release 
[8]. The two-dimensional phosphorus transport and 
transformation equation is:  
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where C is the concentration of phosphorus (ML-3), 'C is the 
concentration of phosphorus in the source fluid (ML-3), R is 
the retardation factor (dimensionless), b is the aquifer 
thickness (L), 't  is the temperature (℃), D is the dispersion 
tensor (L2T-1), θ  is the temperature correction factor 
(dimensionless), λ is the substrate adsorption rate constant 
(T-1) for phosphorus, Bn is the all reaction rate term of 
phosphorus (ML-3T-1), rb is the biological uptake rate 
(ML-3T-1), rp is the plant uptake rate (ML-3T-1)and rs is the 
phosphorus release rate (ML-3T-1),. 

A general dispersion tensor equation may be written as: 
2 2
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where αL and αT is the longitudinal and transverse 
dispersivities (L), Dm is the molecular diffusion (L2T-1). 

D. Numerical Methods 
The discretization uses a rectangular, uniformly spaced, 

block-centered, finite-difference grid. Implicit 
finite-difference method are used to solve the (1). The 
average linear flow velocities are then calculated and used to 
solve the phosphorus transport and transformation (4) using 
the method of characteristics and particle tracking [9]. 

1) Flow equation 
In the uniform isotropic substrate, the implicit difference 

scheme for flow equation is 
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all the same items above equationg are merged, then: 
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(10) 
the strong implicit procedure (SIP) is adopted for solution of 
the discretized equation. 

2) Phosphorus transport and transformation equation 
We used the method of characteristics to solve the 
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phosphorus transport and transformation equation by 
introducing a set of moving particles that can be traced within 
the stationary coordinates of a finite-difference grid. 

Equation (4) can be rearranged to obtain: 
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Equation (11) describes the change in concentration over 
time at fixed reference points within a stationary coordinate 
system, which is referred to as an Eulerian framework. An 
alternative perspective is to consider changes in 
concentration over time in representative fluid parcels as they 
move with the flow of the fluid past fixed points in space. 
This is a moving coordinate system, which is referred to as a 
Lagrangian framework. We convert (11) from an Eulerian 
framework to a Lagrangian one through the material 
derivative. 

dC C C dx C dy
dt t x dt y dt

∂ ∂ ∂= + +
∂ ∂ ∂            (12) 

The last two terms on the right side include the material 
derivatives of position, which are defined by the velocity in 
the x- and y- directions.  
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Substituting (11), (13) and (14) into (12) gives: 
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The solutions of the system of equations comprising 
(13)-(15) may be given as x=x(t), y=y(t), and C=C(t), and are 
called the characteristic curves of (12). Given solutions to 
(13)-(15), a solution to the original partial differential 
equation may be obtained by following the characteristic 
curves. 

 

III. RESULTS AND DISCUSSIONS 

A. Experimental Results 
As shown in Fig. 2, the average removal rate of TP for 

domestic sewage in planted CW and unplanted CW with high 
concentration of influent were 88.22% and 85.06% 
respectively, while their removal rates were 94.23% and 
90.77% respectively with low concentration of influent. The 
planted constructed wetland showed a little well performance 
than unplanted, so vegetation had improvement effect on TP 
removal. It has been suggested that plant rhizosphere 
enhances microbial density and activity by providing root 
surface for microbial growth, a source of carbon compounds 
through root exudates and a micro-aerobic environment via 
root oxygen release [10]. 

 

 
Fig. 2. Removal rate of TP in HSFCWs: (a) high influent concentration  

(b) low influent concentration 
 

B. Model Calibration 
To evaluate model performance, model output of hydraulic 

head, flow field, and TP concentration were compared to 
experimental data. Parameters were adjusted to fit model 
output to experimental data.  

Table II described the physical parameters of substrate. 
The biochemical parameters of the modle were calibrated by 
the experimental data in 2006 (Table III). The calibration 
results of effluent of TP were showed in Fig. 3. 

 

 

 
Fig. 3. TP calibration results in HSFCWs: (a) planted CW (b) unplanted CW 
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TABLE II: PHYSICAL PARAMETERS OF SUBSTRATE 

dρ (kg/m3) η  A
xxK (m/d) A

zzK (m/d) b (m) ω (%)

1587.0 0.38 13.6 13.6 0.7 6.11 

 
TABLE III: BIOCHEMICAL PARAMETERS OF HSFCWS 

HSFCWs λ
(1/d) iθ  br  

(mg·m-3·d-1) 
pr  

(mg·m-3·d-1) 
sr  

(mg·m-3·d-1)
Planted  0.544 1.01 65.23 17.89 26.88 

Unplanted  0.479 1.02 55.13 0 3.21 
 

C. Model Validation 
The model validation was performed using the 

experimental data in 2007 and calibrated parameters (Table II 
and Table III). From the graph of predicted versus actual TP 
outflow (Fig. 4), it can be seen that the average perdicted 
efflunet and measured efflunent TP of planted CW were 
0.034mg/L and 0.037mg/L respectively, while their efflunent 
TP were 0.057mg/L and 0.059mg/L respectively in unplanted 
CW. Also, a Wilcoxon signed rank test revealed that 
perdicted effluent concentrations for TP is similar to those of 
the measured values (Table IV). Therefor, the model can be 
used to simulate the phosphorus removal effect in HSFCWs. 

 
TABLE IV: WILCOXON SIGN RANK TEST 

HSFCWs p values H0 

Planted  0.728 Fail to reject 

Unplanted  0.409 Fail to reject 

 

 

 
Fig. 4. Predicted effluent and measured effluent TP concentrations of 

HSFCWs: (a) planted CW (b) unplanted CW 
 

IV. CONCLUSIONS 
This study developed an phosphorus removal model 

according to the features of the HSFCWs. The model 
considered the water flow and transportation, diffusion, 
dispersion and biochemical reaction of the phosphorus. 
Simulation results from the model agreed well with the 
results from the experiments. The difference between 
computed and measured removal rate was less than 5%. This 
indicted that the developed model, the calibrated physical and 
biochemical parameters were rational. The model can be used 
to simulate the phosphorus removal effect in HSFCWs. 
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